A general intersection formula for Lagrangian cycles by Schuermann, Joerg
ar
X
iv
:m
at
h/
02
01
30
0v
3 
 [m
ath
.A
G]
  1
7 A
pr
 20
03 A general intersection formula for Lagrangian cycles
Jo¨rg Schu¨rmann
Abstract
We prove a generalization to the context of real geometry of an intersection formula for
the vanishing cycle functor, which in the complex context is due to Dubson, Leˆ, Ginsburg
and Sabbah (after a conjecture of Deligne). It is also a generalization of similar results
of Kashiwara-Schapira, where these authors work with a suitable assumption about the
micro-support of the corresponding constructible complex of sheaves. We only use a similar
assumption about the support of the corresponding characteristic cycle so that our result
can be formulated in the language of constructible functions and Lagrangian cycles.
Introduction
In this paper we give a proof (of a generalization to the context of o-minimal structures on the real
field, or to analytic (Nash) geometric categories) of the following intersection formula:
Theorem 0.1. Let M be an m-dimensional real analytic manifold and f : M → R a subanalytic
C2-function. Consider onM a bounded subanalytically constructible complex F of sheaves of vector
spaces (over a base-field k), with finite dimensional stalks Fx (x ∈M). Suppose that the intersection
of σf := {(x, dfx) ∈ T
∗M |x ∈ M} and the support |CC(F)| of the characteristic cycle of F is
contained in a compact subanalytic subset I ⊂ T ∗M , with K := π(I) ⊂ {f = 0}. Then one has
χ
(
RΓ(K,RΓ{f>0}F)
)
= ♯
(
[df(M)] ∩ [CC(F)]
)
. (1)
Here we use the following notations:
i) χ is the usual Euler characteristic (note that RΓ(K,RΓ{f>0}F) has finite dimensional coho-
mology, since K := π(I), with π : T ∗M →M the natural projection, is a compact subanalytic
subset).
ii) [CC(F)] ∈ Hm|CC(F)|(T
∗M,π−1orM ) is the characteristic cycle of F (as in [KS90, chap. IX],
and see the next section), with orM the orientation sheaf on M .
iii) [df(M)] ∈ Hmσf (T
∗M,orT ∗M/M ) corresponds to 1 ∈ H
0(M,kM ) ≃ H
m
σf
(T ∗M,orT ∗M/M ) (as in
[KS90, def. 9.3.5], with π!ZM ≃ orT ∗M/M [m] ).
iv) The intersection number ♯ is defined by
Hmσf (T
∗M,orT ∗M/M )×H
m
|CC(F)|(T
∗M,π−1orM )
∪
−−−−→ H2mc (T
∗M,orT ∗M )
tr
−−−−→ Z .
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Here we use orT ∗M/M ⊗Z π
−1orM = orT ∗M , and the above cup-product is the composition of
the usual cup-product with support and the natural maps
H2mσf∩|CC(F)|(T
∗M,orT ∗M )→ H
2m
I (T
∗M,orT ∗M )→ H
2m
c (T
∗M,orT ∗M ) .
This intersection formula is an important and useful generalization of [Ka85, thm.9.1, p.207]
and [KS90, thm.9.5.6, p.386]. Note that we only assume, that the intersection of σf and the support
|CC(F)| of the characteristic cycle of F is contained in a compact subanalytic set, and this is the
reason why our formula is a result about Lagrangian cycles. The results of loc.sit. are formulated
under suitable assumptions on themicro-support of F , which is in general much bigger than |CC(F)|.
Remark 0.1. The characteristic cycle CC(F) of F depends only on the constructible function α :
x 7→ χ(Fx) (compare with [KS90, thm.9.7.11] and [Sch03, subsec.5.0.3]). Therefore our results can
also be stated in terms of the associated constructible function α. In this context, one can only use
the support of the characteristic cycle CC(α) as an invariant of the constructible function α (the
micro-support µsupp(F) depends on the sheaf complex F , and not (!) only on the corresponding
constructible function).
Our proof of theorem 0.1 is a modification of the proof of [KS90, thm.9.5.6]. We use the result
of [vDM96, 1.20, D.19] (due in the subanalytic context to Bierstone, Milman and Pawlucki), that
K = {g = 0} is the zero-set of a non-negative subanalytic C2-function g. Then there exists a
relatively compact open neighborhood U of K in M , and a δ0 > 0 such that
g : {g < δ0} ∩ U → [0, δ0[
is proper (since {g = 0} = K is compact). After restriction to U we can assume M = U . Then
χ
(
RΓ(K,RΓ{f>0}F)
)
= χ
(
H∗({g 6 δ},M−f ,F)
)
= χ
(
H∗({g 6 δ},F)
)
− χ
(
H∗(M−f ,F)
)
(2)
calculates for 0 < ǫ << δ << δ0 (i.e. for δ and ǫ sufficiently small, with ǫ small compared to δ) the
Euler characteristic of the relative cohomology of a “tube” {g 6 δ} modulo the left Milnor fiber
M−f := {g 6 δ, f = −ǫ} (0 < ǫ << δ << δ0)
(compare [Sch03, sec.1.1]). In terms of the constructible function α, this Euler characteristic can
also be rewritten as (compare [KS90, sec.9.7] and [Sch03, sec.2.3]):∫
{g6δ}
α dχ−
∫
M−
f
α dχ =
∫
K
αdχ−
∫
M−
f
α dχ . (3)
Here we use for a compact subanalytic subset A ⊂M the notation∫
A
α dχ :=
∫
M
1A · α dχ , with
∫
M
(·) dχ : CFc(M,Z)→ Z
the unique Z-linear map on the group CFc(M,Z) of Z-valued subanalytically constructible functions
with compact support such that ∫
M
1B dχ = χ
(
H∗(B,Q)
)
for B ⊂M a compact subanalytic subset.
For the special case f ≡ 0 we get ∅ =M−f so that theorem 0.1 implies the following generalization
of the classical Poincare´-Hopf index formula, which corresponds to the case α = 1M for a M a
compact manifold (with σ0 = T
∗
MM the zero-section of T
∗M):
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Corollary 0.1 (global index formula). Consider a constructible complex F as in theorem 0.1
and denote by α the corresponding constructible function x 7→ χ(Fx). Assume F or α has a compact
support. Then
χ
(
RΓ(M,F)
)
= ♯
(
[T ∗MM ] ∩ [CC(F)]
)
or
∫
M
α dχ = ♯
(
[T ∗MM ] ∩ [CC(α)]
)
. (4)
This global index formula goes back to Dubson [Du84a, thm.2, p.115] in the complex, and to
Kashiwara [Ka85, thm.8.1, p.205] in the real context. Other presentations can be found in [Fu94,
thm.1.5, p.832], [Gi86, thm.9.1, p.382], [KS90, cor.9.5.2, p.384] and [Sch03, eq.(5.30), p.298].
Another important special case of our intersection formula (1) is the case I = {ω} given by a
point ω ∈ T ∗M , with x := π(ω) and K := {x}. In this case we can use for g the usual distance
function (in suitable coordinates (M,x) ≃ (Rm, 0)). Then we get (cf. [KS90, thm.9.5.6, p.386]):
χ
(
(RΓ{f>0}F)x
)
= ♯dfx
(
[df(M)] ∩ [CC(F)]
)
(5)
and
α(x)−
∫
M−
f
αdχ = ♯dfx
(
[df(M)] ∩ [CC(α)]
)
, (6)
with ♯ω the corresponding local intersection number and M
−
f the local left Milnor fiber of f in x.
We get in particular:
σf ∩ |CC(F)| = ∅ ⇒ χ
(
(RΓ{f>0}F)x
)
= 0 . (7)
Remark 0.2. In another paper, we will use the formula (7) (together with a specialization result for
Lagrangian cycles) for a proof of the non-characteristic pullback formula [KS90, prop.9.4.3, p.378]
under the weaker assumption, that the map is only non-characteristic with respect to the support
|CC(F)| of the characteristic cycle of F .
As a further example, let us consider (locally) the case f = r a (real analytic) distance function
to the point x, i.e. r > 0 with {x} = {r = 0}. By the curve selection lemma there exists an open
neighborhood U of x in M , with
dr(U) ∩ |CC(F)| ⊂ {drx} and dr(U) ∩ |CC(α)| ⊂ {drx} .
This will be explained later on in terms of stratification theory (and compare with [KS90, prop.8.3.12,
p.332]). So if we work on the manifold U , then we can apply (5) and (6) with ∅ =M−r :
Corollary 0.2 (local index formula).
χ
(
Fx
)
= ♯drx
(
[dr(U)] ∩ [CC(F)]
)
and α(x) = ♯drx
(
[dr(U)] ∩ [CC(α)]
)
. (8)
So (8) describes an inversion formula for reconstructing the constructible function α out of the
Lagrangian cycles [CC(F)] and [CC(α)] (compare [Du84a, thm.2, p.115], [Ka85, thm.8.3, p.205],
[KS90, eq.(9.5.8), p.386] and [Sch03, eq.(5.30), p.298]).
Theorem 0.1 also gives a purely real proof of the corresponding intersection formula in complex
geometry:
Corollary 0.3. Let M be an m-dimensional complex analytic manifold and h : M → C a holo-
morphic function. Consider on M a bounded complex analytically constructible complex F of
sheaves of vector spaces, with finite dimensional stalks Fx (x ∈ M). Suppose that the intersection
of σh := {(x, dhx) ∈ T
∗M |x ∈ M} and the support |CC(F)| of the characteristic cycle of F is
contained in a compact analytic subset I ⊂ T ∗M , with K := π(I) ⊂ {h = 0}. Then one has
χ
(
RΓ(K,φh[−1] F)
)
= ♯
(
[dh(M)] ∩ [CC(F)]
)
. (9)
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Here we use the notation T ∗M for the holomorphic cotangent bundle, and φh is the vanishing
cycle functor of Deligne. The holomorphic section dh of T ∗M corresponds under the natural iso-
morphism T ∗M ≃ T ∗(MR) to the section d(re(h)) of T ∗(MR), with T ∗(MR) the real cotangent
bundle of the underlying real manifold MR. If we use the induced complex orientation of T ∗(MR),
then the class
[df(MR)] ∈ H2mσf (T
∗M,orT ∗(MR)/MR) ≃ H
2m
σh
(T ∗M,Z)
for f := re(h) corresponds under Poincare´ duality to the fundamental class in Borel-Moore homol-
ogy of the complex manifold σh.
Then the corollary follows from theorem 0.1 and the isomorphism (cf. [Sch03, lem.1.3.2, p.70]
and [Sch03, cor.1.1.1, p.32]):
RΓ(K,φh[−1] F) ≃ RΓ(K,RΓ{re(h)>0}F) . (10)
Or in terms of the constructible function α :∫
M−
f
α dχ =
∫
Mh
α dχ (11)
and
χ
(
RΓ(K,φh[−1] F)
)
=
∫
K
α dχ−
∫
Mh
α dχ , (12)
with
Mh := {g 6 δ, h = w} (0 < |w| << δ << δ0)
the Milnor fiber of the holomorphic function h.
This holomorphic intersection formula for the vanishing cycle functor is due to Dubson [Du84b,
thm.1, p.183], Ginsburg [Gi86, prop.7.7.1, p.378], Leˆ [Leˆ98, thm.4.1.2, p.242] and Sabbah [Sa85,
thm.4.5, p.174]. For a discussion of the history of this holomorphic intersection formula we recom-
mend the paper [Leˆ98].
But most of these references are in the language of (regular) holonomic D-modules, or perverse
sheaves (with respect to middle perversity). So the assumption on the intersection for a holomorphi-
cally constructible complex of sheaves corresponds to an assumption on the micro-support ([KS90,
thm.11.3.3, p.455]). Only the result of Sabbah [Sa85, thm.4.5, rem.4.6, p.174] is in terms of the
underlying (complex analytic) Lagrangian cycle, which corresponds therefore to an assumption on
the intersection of σh and the support of the corresponding characteristic cycle! Similarly, only this
reference [Sa85], and in the real subanalytic context also [Ka85, thm.9.1, p.207] consider the case
of an intersection in a compact subset I.
The other references deal only with the case I = {ω} given by a point ω ∈ T ∗M . In this special
case we get back a formula conjectured by Deligne (with x := π(ω) and K := {x}):
χ
(
(φh[−1] F)x
)
= ♯dhx
(
[dh(M)] ∩ [CC(F)]
)
(13)
and
α(x)−
∫
Mh
α dχ = ♯dhx
(
[dh(M)] ∩ [CC(α)]
)
, (14)
with Mh the local Milnor fiber of h in x. We get in particular:
σh ∩ |CC(F)| = ∅ ⇒ χ
(
(φh[−1] F)x
)
= 0 . (15)
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We used this formula in our paper [Sch02b] for a short proof of a formula of Brasselet, Leˆ and
Seade for the Euler obstruction ([BLS00, thm.3.1]).
As another application of the formula (10) let us consider the following example: F = kN , with
N ⊂M a closed complex analytic submanifold. Consider a holomorphic function germ h : (M,x)→
(C, 0) such that h|N has in x ∈ N a complex Morse critical point. Then we get CC(kN ) = [T
∗
NM ],
with the orientation convention of [KS90, chap. IX]. If we denote by
[T ∗NM ]c ∈ H
2m
T ∗
N
M (T
∗M,Z)
the class, which corrresponds under Poincare´ duality to the fundamental class of the complex man-
ifold T ∗NM , then we get of course
♯dhx
(
[dh(M)] ∩ [T ∗NM ]c
)
= 1 .
But re(h)|N has in x a real Morse critical point of index n := dimC(N). We therefore get by [KS90,
eq.(9.5.18), p.388] for f := re(h):
♯dfx
(
[df(M)] ∩ [CC(kN )]
)
= (−1)n .
And this implies
[T ∗NM ]c = (−1)
n · [T ∗NM ] ∈ H
2m
T ∗
N
M (T
∗M,Z) .
So one has to be very careful about orientation conventions and the definition of characteristic
cycles that one uses. Here we follow the notations and conventions of [KS90]. Note that there are
many approaches to this subject, often using quite different techniques and conventions. We recall
in the next section a detailed comparison, which is worked out in [Sch03, subsec.5.0.3].
Let us only recall, that the theory of characteristic cycles has its origin in the theory of holo-
nomic D-modules and the local index formula of Kashiwara [Ka83, thm. on p.804] (compare [Ka83,
thm.6.3.1, p.127], [BDK81, thm.2, p.574] and [Gi86, thm.11.7, p.393]). This corresponds to corol-
lary 0.2 for
F = RhomDM (M,OX) =: sol(M)
the solution complex of a holonomic DM -module M.
Later on, the theory of characteristic cycles was extended to constructible functions and sheaves
in the context of real geometry. First in the subanalytic context by Kashiwara [Ka83, KS90], and
independently also by Fu [Fu94]. A simple approach in the semialgebraic context is sketched in
[GrM99], and the extension to o-minimal structures and analytic geometric categories has been
worked out in [SV96]. All these approaches in real geometry are based on a suitable Morse theory,
e.g. the micro-local sheaf theory of Kashiwara-Schapira [KS90], or the stratified Morse theory of
Goresky-MacPherson [GM88].
For a detailed comparison and translation of these two different theories in the framework of
Morse theory for constructible sheaves, including a geometric introduction to characteristic cycles
of constructible functions and sheaves, we refer to our book [Sch03, chapter 5]. This language will
be used in the proof of theorem 0.1. Moreover, we use the following important result about the
behaviour of the support |CC(F)| of the characteristic cycle of F under a suitable intersection:
Theorem 0.2. Let M be a real analytic manifold and g : M → R a subanalytic C2-function.
Consider on M a bounded subanalytically constructible complex F of sheaves of vector spaces,
with finite dimensional stalks Fx (x ∈M). Assume F is constructible with respect to a subanalytic
Whitney b-regular stratification (i.e. the cohomology sheaves of F are locally constant on the
5
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subanalytic strata S) such that the set of nondegenerate covectors (with respect to this stratification)
is dense in all fibers of the projection T ∗SM → S (for all strata S). Let δ be a regular value of g such
that {g = δ} is transversal to all strata S. Then one has for the open inclusion j : {g < δ} → M
the following estimate for the support |CC(Rj∗j
∗F)| of the characteristic cycle of Rj∗j
∗F :
|CC(Rj∗j
∗F)| ∩ π−1({g = δ}) ⊂
{ ω + λ · dgx ∈ T
∗M | λ 6 0, π(ω) = x, g(x) = δ, ω ∈ |CC(F)| } .
(16)
Remark 0.3. The assumption on our stratification is for example satisfied for a subanalytic µ-
stratification in the sense of [KS90, def.8.3.19, p.334] (see [KS90, cor.8.3.24, p.336]). This µ-condition
is by [Tr89] equivalent to the w-condition of Verdier, and such a w-regular stratification can always
be used in the context of “geometric categories” as in the last section of this paper (cf. [Loi98]).
But it is not known (at least to the author), if the w-condition implies the assumption on our
stratification (used in the theorem) in this more general context.
Kashiwara-Schapira used in their proof of [KS90, thm.9.5.6, p.386] a similar result in terms
of the micro-support of the corresponding constructible complex of sheaves (cf. [KS90, prop.8.4.1,
p.338] and [KS90, prop.5.4.8.(a), p.233]).
We will give a proof based on our results on Morse theory for constructible sheaves [Sch03,
chapter 5], especially on an explicit result about suitable “stratified spaces with boundary” [Sch03,
thm.5.0.2, p.286]. This approach works also, if one uses the supports of the corresponding charac-
teristic cycles. It implies a similar estimate for
|CC(Rj!j
∗F)| ∩ π−1({g = δ}) ,
(with λ > 0), from which we deduce (16) by duality.
1. Characteristic cycles
In this section we explain the construction of the characteristic cycles. As an application we give
a proof of theorem 0.2 in a much more general context, which applies especially to complexes of
sheaves constructible with respect to suitable “geometric categories”.
Let X be a closed subset of a smooth manifold M . In this paper, a smooth manifold M has by
definition a countable topology. We also assume (for simplicity), that the dimension of the connected
components of M is bounded. A stratification of X is a filtration X• of X:
∅ = X−1 ⊂ X0 ⊂ · · · ⊂ Xn = X
by closed subsets such that Xi := Xi\Xi−1 (i = 0, . . . , n) is a smooth submanifold of M . The
connected components of the Xi are by definition the strata of this stratification.
Here we fix a degree k = 1, . . . ,∞, ω of smoothness (with ω = real analytic). (Sub)manifold and
smooth map or function always means a Ck-(sub)manifold and Ck-smooth map or function. We
assume that the stratification X• is Whitney b-regular:
If xn ∈ X
j (for i < j) and yn ∈ X
i are sequences converging to x ∈ Xi such that the tangent
planes TxnX
j converge to some limiting plane τ , and the secant lines ln = xi, yi (with respect
to some local coordinates) converge to some limiting line l, then l ⊂ τ .
Consider on X a bounded complex F of sheaves of vector spaces (over a base-field k), with finite
dimensional stalks Fx (x ∈ X). We assume that F is constructible with respect to the stratification
X•, i.e. the cohomology sheaves of F are locally constant on all X
i.
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From now on we assume X = M and k > 2. Then we have by [Sch03, cor.4.0.3, p.216] and
[Sch03, prop.4.1.2, p.227] the following estimate for the micro-support µsupp(F) of F in the sense
of [KS90, def.5.1.2, p.221]:
µsupp(F) ⊂ Λ :=
⋃
i
T ∗XiX ⊂ T
∗X . (17)
Here T ∗SX denotes the conormal bundle of a locally closed submanifold S of X. By Whitney regu-
larity, Λ is a closed subset of T ∗X (this is in fact equivalent to a-regularity).
Moreover, we have by [Sch03, prop.4.0.2, p.219] that F is cohomologically constructible in the
sense of [KS90, def.3.4.1, p.158]. Therefore we can define as in [KS90, p.377] the following chain of
morphisms:
RHom(F ,F) ≃ Rπ∗µhom(F ,F) ≃ Rπ∗RΓΛµhom(F ,F) ≃
Rπ∗RΓΛµ△(F ⊠D(F))→ Rπ∗RΓΛµ△δ∗(F ⊗D(F))→
Rπ∗RΓΛµ△δ∗ωX ≃ Rπ∗RΓΛ(π
−1ωX) ,
with π : T ∗X → X the projection, δ : X → X ×X the diagonal embedding and ωX the dualizing
complex on X. Since X is a manifold, one has by [KS90, prop.3.3.2, p.152]:
ωX ≃ orX [d] , with d := dim(X).
Here we assume that X is pure-dimensional (or one should interpret d := dim(X) as a locally
constant function).
For the definition of the above chain of morphisms we use the following properties:
i) RHom(F ,F) ≃ Rπ∗µhom(F ,F) ([KS90, prop.4.4.2(i), p.202]).
ii) µhom(F ,F) has its support in µsupp(F) ([KS90, cor.5.4.10.(ii), p.234]), and therefore by (17)
also in Λ.
iii) µhom(F ,F) ≃ µ△(F ⊠ D(F)) ([KS90, def.4.4.1.(iii), p.202] and [KS90, prop.3.4.4, p.159]).
Here we can apply [KS90, prop.3.4.4], since F is cohomologically constructible.
iv) We finally use the natural morphisms F ⊠ D(F) → δ∗δ
∗(F ⊠ D(F)) ≃ δ∗(F ⊗ D(F)), and
F ⊗D(F)→ ωX , together with µ△δ∗ωX ≃ π
−1ωX .
Definition 1.1. The image of id ∈ Hom(F ,F) ≃ H0(RHom(F ,F)) in H0Λ(T
∗X,π−1ωX) ≃
HdΛ(T
∗X,π−1orX) is called the characteristic cycle CC(F) of F .
Remark 1.1. This definition extends [KS90, def.9.4.1, p.377] to our context. The same construction
works for a Whitney a-regular stratification X•, if we have the estimate (17), and the property
that F is cohomologically constructible, e.g. X• is (locally) C-regular in the sense of Bekka [Be91]
(compare with [Sch03, chapter 4]).
We now explain the calculation of CC(F) in terms of our (stratified) Morse theory for con-
structible sheaves [Sch03, chapter 5].
Consider the set of nondegenerate covectors with respect to our Whitney b-regular stratification
X• (see [Sch03, def.5.1.2, p.308] and [GM88, def.1.8, p.44]):
Λ′ :=
⋃
i
(
T ∗XiX\
⋃
i 6=j
cl(T ∗XjX)
)
. (18)
7
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Choose a smooth function germ f : (X,x) → (R, 0), with x ∈ Xs and dfx ∈ Λ
′. Take a normal
slice N at x, i.e. a locally closed submanifold N of X, with N ∩Xs = {x} such that N intersects Xs
transversally in x (cf. [Sch03, def.5.0.2(2), p.277] and [GM88, def.1.4, p.41]). Then the isomorphism-
class of
NMD(F , f, x) :=
(
RΓ{f |N>0}(F|N)
)
x
(19)
is the (sheaf theoretic) “normal Morse datum” of f in x with respect to F , i.e. it is the cohomological
counterpart of the corresponding normal Morse data of Goresky-MacPherson [GM88, def.3.6.1,
p.65]. By [Sch03, thm.5.0.1(2), p.278], this isomorphism-class depends only on dfx and is locally
constant on Λ′. By [Sch03, prop.5.0.2, p.279] we have a distinguished triangle
RΓ(l−X ,F)[−1] −−−−→ NMD(F , f, x) −−−−→ Fx
[1]
−−−−→ , (20)
with l−X the “lower halflink” of f in x ([GM88, def.3.9.1, p.66]). In the notation of this paper, this
l−X is just the intersection of X with a local left Milnor fiber of f |N in x. But F|l
−
X is constructible
with respect to an induced Whitney b-regular stratification of l−X . Then
RΓ(l−X ,F)
has finite dimensional cohomology, since l−X is compact (cf. [Sch03, rem.4.2.2, p.245] and [Bo84,
thm.3.5, p.70]). By the above distinguished triangle, this is also true for NMD(F , f, x), with
χ
(
NMD(F , f, x)
)
= χ
(
Fx)− χ
(
RΓ(l−X ,F)
)
. (21)
So we can associate to a connected component Λ′j of Λ
′ the integer (for dfx ∈ Λ
′
j):
mj := χ(NMD(F , f, x)) := χ
((
RΓ{f |N>0}(F|N)
)
x
)
. (22)
If we work in the context of “geometric categories” as in the next section, with f a definable
function germ, then this multiplicity mj can also be expressed in terms of the constructible function
α : x 7→ χ(Fx) (compare [Sch03, eq.(5.16), p.290]):
mj := χ(NMD(α, f, x)) := α(x)−
∫
l−
X
α dχ . (23)
Take now an open subset Ω in T ∗X, with Ω ∩ Λ = Λ′ (e.g. the complement of the set Υ :=
Λ\Λ′ of degenerate covectors). Then one gets for the image of CC(F) under the natural map
HdΛ(T
∗X,π−1orX)→ H
d
Λ′(Ω, π
−1orX) the formula
im( CC(F) ) =
∏
mj · [Λ
′
j ] . (24)
Here [Λ′j ] is defined as in [KS90, chap.9.4], i.e. it is the image of the class [T
∗
XsX] ∈ H
d
T ∗
Xs
X(Ω, π
−1orX)
of loc.sit. (with π(Λ′j) ⊂ X
s) under the projection
HdT ∗
Xs
X(Ω, π
−1orX) ≃
∏
HdΛ′
k
(Ω, π−1orX)→ H
d
Λ′j
(Ω, π−1orX) ,
where the product is over all k with π(Λ′k) ⊂ X
s.
This follows as in [KS90, p.382] from our identification [Sch03, eq.(5.52), p.318] of the “normal
Morse datum” NMD(F , f, x) of f in x with the “local type of F in dfx” in the sense of Kashiwara-
Schapira (compare [KS90, 6.6.1(ii), p.274] and [KS90, def.7.5.4, p.311]).
Assume HdΥ(T
∗X,π−1orX) = 0 so that the above map of local cohomology groups is injective.
Then the characteristic cycle CC(F) is uniquely determined by the Euler characteristics mj of the
“normal Morse data” of F . This applies for example, if Υ has a stratification with all strata of
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dimension < d = dim(X) (e.g. in the context of “geometric categories” as in the next section). It
would also be enough (compare with the proof of [KS90, prop.9.2.2.(i), p.367]), that Υ has locally
this property (i.e. each point in Υ has an open neighborhood U in T ∗X such that U ∩Υ has such
a stratification).
Remark 1.2. By (21) and (23) we get in this case an easy geometric description of the characteristic
cycle CC(·), or more precisely, of im
(
CC(·) ). And one should ask if one can use this description
as a definition of the characteristic cycle CC(·). The main problem is then to show that this is a
cycle coming from
HdΛ(T
∗X,π−1orX) →֒ H
d
Λ′(Ω, π
−1orX) .
The sophisticated definition 1.1 seems to be the only one working for a general Whitney b-regular
stratification. But in the subanalytic context, other more geometric approaches to this question are
due to Kashiwara [Ka85, thm.4.1, p.199] and Fu (compare with [Fu94, def.4.1, p.856] and [Fu94,
thm.4.7, p.865]), where [Fu94] uses the language of “geometric measure theory”. A “translation” of
the last approach into “geometric categories” and a specialization result in homology is worked out
in [Sch03, thm.5.0.3, p.296] and [Sch03, subsec.5.2.2].
Suppose that Υ has (locally) such a stratification, and that the set Λ′ of nondegenerate covectors
is dense in Λ. Then one gets the following “explicit” description of the support |CC(F)| of the
characteristic cycle of F :
|CC(F)| =
⋃
mj 6=0
cl(Λ′j) . (25)
Remark 1.3. The micro-support µsupp(F) contains by definition the closure cl(Λ′j) of all Λ
′
j such
that the corresponding “normal Morse datum”
NMD(F , f, x) ≃
(
RΓ{f |N>0}(F|N)
)
x
(dfx ∈ Λ
′
j)
is not isomorphic to 0. Moreover, in the context of “geometric categories”, µsupp(F) is exactly
given as the union of these cl(Λ′j) ([Sch03, prop.5.0.1, p.279]). We see in particular, that in general
|CC(F)| is much smaller than µsupp(F).
Suppose that the set Λ′ of nondegenerate covectors is dense in Λ, and that Υ has (locally) a
stratification with all strata of dimension < d = dim(X) such that the frontier ∂Λ′j := cl(Λ
′
j)\Λ
′
j of
Λ′j is a union of strata of Υ (for all j). Then all morphisms in the following commutative diagram
are injective:
Hd|CC(F)|(T
∗X,π−1orX) −−−−→ H
d
Ω∩|CC(F)|(Ω, π
−1orX)y
y
HdΛ(T
∗X,π−1orX) −−−−→ H
d
Λ′(Ω, π
−1orX) .
Moreover, there exists a unique class [CC(F)] ∈ Hd|CC(F)|(T
∗X,π−1orX), with image CC(F) ∈
HdΛ(T
∗X,π−1orX), and image∏
mj 6=0
mj · [Λ
′
j ] ∈ H
d
Ω∩|CC(F)|(Ω, π
−1orX) .
This is the cohomology class that we used in the introduction (see the next section, and compare
with [SV96]). For the convenience of the reader, we also compare our definition of the characteristic
cycle CC(·) with the other conventions used in the literature (compare with [Sch03, subsec.5.0.3.]
for the details).
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For simplicity, we assume that M is oriented (as in most of the following references), i.e. an
isomorphism orM ≃ ZM has been chosen. Moreover, we orient T
∗M by using first this orientation
of the base M , and then the induced (real dual) orientation of the fibers T ∗xM = homR(TxM,R)
(as in [Fu94, GrM99, SV96, Sch03]). This differs by the factor (−1)m(m+1)/2 from the symplectic
orientation of T ∗M (used in [Ka85]). In particular, for M a complex analytic manifold of complex
dimension m, this agrees only up to the factor (−1)m with the complex orientation of T ∗M ! Let
[T ∗M ] be the fundamental class of this oriented manifold in Borel-Moore homology, and denote by
a : T ∗M → T ∗M the antipodal map (i.e. multiplication by −1 on the fibers).
• By definition CC(F) corresponds to the characteristic cycle used in [KS90].
• CC(F) ∩ (−1)m · [T ∗M ] corresponds to the characteristic cycle used in [Ka85, SV96, Sch03].
• a∗
(
CC(α) ∩ (−1)m · [T ∗M ]
)
corresponds to the characteristic cycle used in [Fu94, GrM99].
Assume M is a complex analytic manifold of complex dimension m, with [T ∗M ]c the fundamental
class of the complex manifold T ∗M . Let F or α be complex analytically constructible.
• CC(F)∩ (−1)m · [T ∗M ]c corresponds to the characteristic cycle used in [Du84a, Du84b, Leˆ98].
• CC(α) ∩ [T ∗M ]c corresponds to the characteristic cycle used in [Sa85].
• CC(F) ∩ (−1)m · [T ∗M ]c, with F := sol(M) or F := DR(M) := RhomDM (OX ,M), corre-
sponds to the characteristic cycle of the holonomic D-moduleM used in [BDK81, Du84a, Leˆ98].
• CC(F) ∩ [T ∗M ]c, with F := DR(M) := RhomDM (OX ,M)[m], corresponds to the character-
istic cycle of the holonomic D-module M used in [Gi86].
Now we prove the first main result of this section:
Theorem 1.1. Let g : X → R be a C2-function on the smooth manifold X. Consider a Whitney
b-regular stratification X• of X such that the set of nondegenerate covectors (with respect to this
stratification) is dense in all fibers of the projection T ∗SX → S (for all strata S). Let δ be a regular
value of g such that {g = δ} is transversal to all strata S. Assume that the set of degenerate
covectors of X• and also of the induced Whitney b-regular stratification of {g 6 δ} has (locally) a
stratification with all strata of dimension < d = dim(X).
Consider on X a bounded complex F of sheaves of vector spaces (over a base-field k), with finite
dimensional stalks Fx (x ∈ X). Assume F is constructible with respect X•. Then one has for the
open inclusion j : {g < δ} → X the following estimate for the support of the characteristic cycles
of Rj!j
∗F and Rj∗j
∗F :
|CC(Rj!j
∗F)| ∩ π−1({g = δ}) ⊂
{ ω + λ · dgx ∈ T
∗M | λ > 0, π(ω) = x, g(x) = δ, ω ∈ |CC(F)| } ,
(26)
|CC(Rj∗j
∗F)| ∩ π−1({g = δ}) ⊂
{ ω + λ · dgx ∈ T
∗M | λ 6 0, π(ω) = x, g(x) = δ, ω ∈ |CC(F)| } .
(27)
Proof. 1.) By transversality, {g 6 δ} gets an induced Whitney b-regular stratification with strata S′
of the form {g < δ} ∩S, {g = δ} ∩S (for S a stratum of X•). The assumptions imply, that also the
set of nondegenerate covectors with respect to this induced stratification of {g 6 δ} is dense in all
fibers of the projection T ∗S′X → S
′ (for all strata S′, compare with the proof of [Sch03, thm.5.0.2,
p.286]).
2.) Rj!j
∗F and Rj∗j
∗F have also finite dimensional stalks, and are constructible with respect
to the induced stratification of {g 6 δ} ([Sch03, prop.4.0.2, p.219]). More precisely, they have their
support in {g 6 δ}, and their restrictions to {g 6 δ} are constructible with respect to the induced
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stratification. Therefore the characteristic cycles of these complexes of sheaves are defined, and we
can apply the description (25) for their support.
3.) First we consider Rj!j
∗F . Let
ω ∈ T ∗S′X ⊂ |CC(Rj!j
∗F)| ∩ π−1({g = δ})
be given, with ω nondegenerate with respect to the induced stratification of {g 6 δ}, and x :=
π(ω) a point in a “boundary” stratum S′ = S ∩ {g = δ}. We can approximate ω by a covector
λ · dgx + ω
′ ∈ T ∗S′X (with λ 6= 0 and x = π(ω
′)) such that ω′ ∈ T ∗SX is nondegenerate with respect
to X•, and the following properties hold (see for instance [Sch03, thm.5.0.2, p.286]):
a. λ < 0 implies that the “normal Morse datum” with respect to Rj!j
∗F at the covector ω is
isomorphic to 0.
b. λ > 0 implies that the “normal Morse datum” with respect to Rj!j
∗F at the covector ω is
isomorphic to the “normal Morse datum” with respect to F at the covector ω′, up to a shift
by [−1].
Compare with [Sch03, p.286] for the details (and note, that we used in loc.cit. the function δ − g
for the description of {g 6 δ} = {δ − g > 0}). These results can also be deduced from [KS90,
prop.6.1.9(ii), p.256] and [KS90, prop.7.5.10, p.314]. So if the first “normal Morse datum” (at ω)
has a non-zero Euler characteristic, then the same is true for the second “normal Morse datum” (at
ω′). By the description (25), this implies our claim for Rj!j
∗F (since Rj!j
∗F and F have the same
“normal Morse data” for the strata S′ of the form {g < δ} ∩ S).
4.) The claim for Rj∗j
∗F follows from the case before by the duality isomorphism (with D(·)
the duality functor as in [KS90, def.3.1.16(ii), p.148]):
D(Rj!j
∗F) ≃ Rj∗j
∗(D(F)) ,
because |CC(D(G))| ( for G = F , Rj!j
∗F) ) is equal to the image of |CC(G)| under the antipodal
map a : T ∗X → T ∗X (i.e. multiplication by −1 on the fibers of π). This follows from the description
(25) together with [Sch03, eq.(5.25), p.296] (compare also with [KS90, prop.9.4.4, p.380]).
Remark 1.4. Suppose that we are in the context of “geometric categories” (as in the next section).
Then we can use [Sch03, prop.5.0.1, p.279] for the description of the micro-support (i.e. the de-
scription of remark 1.3), and the above proof gives also the corresponding estimate in terms of the
micro-support (instead of the support of the characteristic cycles):
µsupp(Rj!j
∗F) ∩ π−1({g = δ}) ⊂
{ ω + λ · dgx ∈ T
∗M | λ > 0, π(ω) = x, g(x) = δ, ω ∈ µsupp(F) } ,
µsupp(Rj∗j
∗F) ∩ π−1({g = δ}) ⊂
{ ω + λ · dgx ∈ T
∗M | λ 6 0, π(ω) = x, g(x) = δ, ω ∈ µsupp(F) } .
In this way one can get in particular a proof of [Ma01, thm.5.3, p.293] in terms of our (stratified)
Morse theory for constructible sheaves [Sch03, chapter 5], without the use of the general microlocal
theory of Kashiwara-Schapira.
For the proof of the definable counterpart of theorem 0.1, we need in the next section also
(the second part of) the following result (compare with [Ka85, thm.4.2, thm.4.3, p.199] and [KS90,
thm.9.5.3, cor.9.5.4, p.385]):
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Theorem 1.2. Let f : X → [a, b[ ⊂ R be a C2-function on the smooth manifold X (with b ∈
R∪{∞}). Consider a Whitney b-regular stratification X• of X such that the set Λ
′ of nondegenerate
covectors (with respect to this stratification) is dense in Λ. Assume that the set Υ := Λ\Λ′ of
degenerate covectors of X• has (locally) a stratification with all strata of dimension < d = dim(X)
such that the frontier ∂Λ′j := cl(Λ
′
j)\Λ
′
j is a union of strata of Υ (for all connected components Λ
′
j
of Λ′).
Let F be a bounded complex of sheaves of vector spaces on X, with finite dimensional stalks
Fx (x ∈ X). Assume that F is constructible with respect to X•, and that f |supp(F) is proper.
i) Suppose that df(X) ∩ µsupp(F) is compact. Then RΓ(X,F) is a cohomologically bounded
complex with finite dimensional cohomology, and
χ(RΓ(X,F)) = ♯( [df(X)] ∩ [CC(F)] ) .
ii) Suppose that −df(X) ∩ µsupp(F) is compact. Then RΓc(X,F) is a cohomologically bounded
complex with finite dimensional cohomology, and
χ(RΓc(X,F)) = ♯( [−df(X)] ∩ [CC(F)] ) .
Here we use the definition of the intersection product of the introduction, with df(X) := σf :=
{(x, dfx) ∈ T
∗X|x ∈ X}. Note, that we have the inclusion |CC(F)| ⊂ µsupp(F).
Proof. The proof is by Morse theory, and is almost the same as the proof of [Sch03, thm.5.0.4,
p.297] given in [Sch03, p.327-328] (compare also with [Ka85] and the proof of [KS90, thm.10.3.8,
p.429]).
By approximation (which doesn’t change the intersection number by a homotopy argument), we
can assume that f is a proper stratified Morse function, i.e. all critical points of f with respect to
X• are stratified Morse critical points in the sense of [Sch03, def.5.0.2, p.277] and [GM88, def.2.1,
p.52]: if x ∈ Xs is a critical point of f |Xs, then dfx is a nondegenerate covector and f |X
s has in x
a classical Morse critical point (i.e. its Hessian is nondegenerate).
By remark 1.3 and the assumption on df(X) (or −df(X)), there are then only finitely many
such critical points x, whose “normal Morse datum” with respect to F are non-trivial at dfx (or
−dfx). By [Sch03, lem.5.1.1, p.303] and [Sch03, lem.5.1.2, p.306] we get for r ∈ [a, b[ big enough
(by a Mittag-Leffler argument as in [Sch03, cor.6.1.2, p.430]):
RΓ(X,F) ≃ RΓ({f 6 r},F)
in the first case, and
RΓc({f < r},F) ≃ RΓc(X,F)
in the second case. By induction, it is enough to consider the case that f has at most one critical
point x ∈ {f 6 r}, with x ∈ Xs, and f(x) < r. Then we get by [Sch03, thm.5.0.1(1), p.278] and
[Sch03, lem.5.1.2, p.306]:
RΓ({f 6 r},F) ≃ NMD(F , f, x)[−τ ] or RΓc({f < r},F) ≃ NMD(F ,−f, x)[−τ ] ,
with τ the Morse index of ±f |Xs (i.e. its Hessian in x has τ negative eigenvalues). But the cor-
responding “normal Morse datum” NMD(F ,±f, x) is finitely dimensional (as explained before).
Therefore our claim follows from the description (24) for CC(F), and the local intersection formula
(see [KS90, eq.(9.5.18), p.388] and [Sch03, eq.(5.20), p.292]):
♯dfx( [ ± df(X)] ∩ [T
∗
XsX] ) = (−1)
τ .
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Remark 1.5. We used in the above proof the fact, that we can approximate f by a stratified Morse
function. This follows from our assumption about the (local) existence of a suitable stratification of
the set of degenerate covectors. By using a proper C2-embeddingX →֒ RN , we can assume X = RN .
Then our claim follows for example from [Or87, thm.1, thm.3].
2. Intersection formula
In this section we work in one of the following “geometric categories”:
i) X is an affine space Rn, and S is an o-minimal structure on the real field (R,+, ·) ([vDr98,
vDM96], e.g. the structure of semialgebraic subsets of real affine spaces). We could also assume,
that X is a real analytic S-manifold as in [vDM96, p.507-508] (e.g. a real analytic Nash
manifold).
ii) X is a real analytic manifold, and S is an analytic geometric category ([vDM96, SV96], e.g.
the structure of subanalytic subsets of real analytic manifolds).
iii) X is a real analytic Nash manifold, and S is a Nash geometric category ([Sch03, chapter 2] and
[Sch02a], e.g. the structure of locally semialgebraic subsets of real analytic Nash manifolds).
The subsets of S(X) are by definition the definable subsets of X. A definable map f : A → B
between definable subsets A ⊂ X and B ⊂ X ′ (with X,X ′ ambient manifolds as in the above cases)
is a continous map with definable graph. A complex of sheaves F on X is called S-constructible, if
it is constructible with respect to a filtration X•:
∅ = X−1 ⊂ X0 ⊂ · · · ⊂ Xn = X
by closed definable subsets of X (i.e. the cohomology sheaves of F are locally constant on all Xi :=
Xi\Xi−1). By [vDM96, 1.19, 4.8] we can then assume, that F is constructible with respect to a
definable Whitney b-regular Cp-stratification, with 1 6 p < ∞ (i.e. a definable filtration as before,
with all Xi Cp-submanifolds of X, which is b-regular).
Remark 2.1. For the following discussion, the reader should also compare with [SV96, sec. 10]. For
the basic results about definable sets and maps, we refer to [vDM96]. Note, that their results about
analytic geometric categories are also true in the context of Nash geometric categories (with the
obvious modifications, as explained in [Sch03, chapter 2], where we developed the basic theory of
S-constructible complexes of sheaves).
Let X• be a definable Whitney stratification. Then
Λ′ :=
⋃
i
(
T ∗XiX\
⋃
i 6=j
cl(T ∗XjX)
)
⊂ Λ :=
⋃
i
T ∗XiX
are definable subsets of T ∗X, and the dimension of the set Υ := Λ\Λ′ of degenerate covectors is
< d := dim(X). Therefore, the set of nondegenerate covectors Λ′ is dense in Λ, and we can find
([vDM96, 1.19, 4.8]) a Whitney b-regular stratification Λ• of Λ of the form
∅ = Λ−1 ⊂ Λ0 ⊂ · · · ⊂ Λd−1 = Υ ⊂ Λd = Λ .
In particular, the frontier ∂Λ′j := cl(Λ
′
j)\Λ
′
j of each connected component Λ
′
j of Λ
′ is a union of
strata of Υ ([Sch03, prop.4.0.2(1), p.219]).
Therefore we can apply the description of the first section for |CC(F)|, µsupp(F) and [CC(F)],
and theorem 1.1 implies theorem 0.2.
Now we are ready for the proof of the main theorem of this paper:
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Theorem 2.1. Let f : X → R be a definable C2-function. Consider on X a bounded S-constructible
complex F of sheaves of vector spaces, with finite dimensional stalks Fx (x ∈ X). Suppose that
the intersection of σf and the support |CC(F)| of the characteristic cycle of F is contained in a
compact definable subset I ⊂ T ∗M , with K := π(I) ⊂ {f = 0}. Then one has
χ
(
RΓ(K,RΓ{f>0}F)
)
= ♯
(
[df(X)] ∩ [CC(F)]
)
. (28)
Note that RΓ(K,RΓ{f>0}F) has finite dimensional cohomology, since K is a compact definable
subset (compare [Sch03, chapter 2]).
Proof. 1.) Since K is a compact definable subset of X, there exists by [vDM96, 1.20, 4.22, D.19] a
definable C2-function g : X → R, with {g = 0} = K. We can also assume that g is non-negative
(otherwise use g2).
Choose a definable Whitney b-regular C2-stratification X• of X with the following properties
([vDM96, 1.19, 4.8]):
a. F is constructible with respect to X•.
b. The definable sets {f = 0} and K are unions of strata.
c. The set of nondegenerate covectors (with respect to this stratification) is dense in all fibers of
the projection π′ : T ∗SM → S (for all strata S).
The last property can be achieved inductively by [vDM96, 1.19, 4.8] and the fact, that the dimension
of the set of degenerate covectors Υ is < d := dim(X). Note, that the set of nondegenerate covectors
is dense in such a fiber {π′ = x}, if and only if dim(Υ ∩ {π′ = x}) < d− dim(S). But the set
{x ∈ S | dim(Υ ∩ {π′ = x}) > d− dim(S) }
is a definable subset of S with dimension < dim(S) (compare [vDr98, prop.1.5, p.65]).
2.) There exists a relatively compact open neighborhood U of K in M , and a δ0 > 0 with the
following properties:
a’) g : {g < δ0} ∩ U → [0, δ0[ is proper (since {g = 0} = K is compact). After restriction to U we
can and will assume M = U .
b’) g has no critical values in {0 < g < δ0} with respect to X• (this follows from a’) and the
C1-version of the curve selection lemma [vDM96, 1.17]).
c’) The natural morphism
RΓ({g < δ}, RΓ{f>0}F)→ RΓ(K,RΓ{f>0}F)
is for all 0 < δ < δ0 an isomorphism. This follows from the fact, that the restriction of
Rg∗(F|{g < δ0}) to [0, δ0[ , with δ0 as in a’), is S-constructible (see [Sch03, thm.2.0.1, p.85]
and [Sch03, cor.2.2.1, p.105]). One can also use b’) and (a cohomologically version of) the first
isotopy lemma of Thom (as in [Sch03, subsec.4.1.1]).
d’) k > 0, 0 < g(x) < δ0, f(x) > 0 ⇒ k · dgx + dfx 6∈ Λ.
One shows the last property indirectly (compare [KS90, p.386-387]), and note that
{(x, k) | k > 0, 0 < g(x) < δ0, f(x) > 0, k · dgx + dfx ∈ Λ }
is a definable subset of X × R:
Otherwise there exists ([vDM96, 1.17]) a stratum Xs and a C1-curve γ : [0, δ0[→ X ×R
2, with
γ(t) =: (x(t), α(t), β(t)) such that α(t) > 0, β(t) > 0, g(x(0)) = 0, f(x(t)) > 0 for t > 0, and
α(t) · dgx(t) + β(t) · dfx(t) ∈ T
∗
XsX for t > 0.
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But this implies f(x(0)) = 0, since {g = 0} = K ⊂ {f = 0}, and
α(t) · d/dt
(
g(x(t))
)
+ β(t) · d/dt
(
f(x(t))
)
≡ 0 ,
since T ∗XsX is a conic isotropic submanifold of T
∗X (cf. [KS90, p.483]).
But by the monotonicity theorem [vDM96, 4.1] we have that f ◦x and g◦x are constant or strictly
monotonic on ]0, a[ for a > 0 small enough. By the assumptions, this implies the contradiction
d/dt
(
g(x(t))
)
> 0 and d/dt
(
f(x(t))
)
> 0 for 0 < t < a.
3.) Fix a δ with 0 < δ < δ0, and consider the inclusion j : {g < δ} → X. By the choice
of X• and b’) we can apply theorem 1.1. Let F
′ := Rj∗j
∗F , which is constructible with respect
to the induced definable b-regular stratification of {g 6 δ}. By the curve selection lemma we can
find ǫ > 0 so that f has in {0 < |f | 6 ǫ} no critical points with respect to this induced stratification.
Note that supp(F ′) ⊂ {g 6 δ} is compact. Therefore we get by [Sch03, lem.5.0.1, p.276] and
[Sch03, lem.5.1.1(2), p.303] (compare also with [KS90, cor. 5.4.19.(ii), p.239]):
RΓ(X,RΓ{f>0}F
′) ≃ RΓc({f > −ǫ},F
′) . (29)
Together with c’) and the general isomorphism
RΓ(X,RΓ{f>0}F
′) ≃ RΓ({g < δ}, RΓ{f>0}F) ,
this implies the isomorphism
RΓ(K,RΓ{f>0}F) ≃ RΓc({f > −ǫ},F
′) . (30)
Choose an a ∈ R with supp(F ′) ⊂ {f < a}, and consider h := −f : U := {−ǫ < f < a} →
[−a, ǫ[ . Note that h|supp(F ′|U) is proper. Since f has in {0 < |f | 6 ǫ} no critical points with
respect to the induced stratification of {g 6 δ}, we get
df(U) ∩ µsupp(F ′|U) ⊂ T ∗U |{f>0} . (31)
In particular, df(U)∩µsupp(F ′|U) ⊂ df(supp(F ′)∩{f > 0}) is a compact subset of T ∗U . Therefore
we can apply theorem 1.2.2 to the manifold U , the function h and the sheaf complex F ′|U , and get
the intersection formula:
χ(RΓc({f > −ǫ},F
′)) = ♯( [df(U)] ∩ [CC(F ′|U)] ) . (32)
By equation (30), the proof of the theorem is complete, if we show
|CC(F ′)| ∩ { dfx | g(x) = δ, f(x) > −ǫ } = ∅ .
For −ǫ < f(x) < 0, we get dfx 6∈ |CC(F
′)| by (31).
Assume dfx ∈ |CC(F
′)|, with f(x) > 0 and g(x) = δ. By theorem 1.1 we get dfx = ω − c · dgx,
with c > 0, π(ω) = x and ω ∈ |CC(F)|. In the case f(x) > 0 we get a contradiction to d’):
c · dgx + dfx = ω ∈ |CC(F)| ⊂ Λ .
So we can assume f(x) = 0. In the case c = 0 we get
dfx = ω ∈ |CC(F)| .
But this is by g(x) = δ > 0 impossible, since the intersection of σf and |CC(F)| is contained in the
compact subset I ⊂ T ∗M , with {g = 0} = K := π(I). In the case c > 0 we get
dgx = (ω − dfx)/c ∈ Λ ,
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since |CC(F)| ⊂ Λ, and dfx ∈ Λ for f(x) = 0 (because {f = 0} is by b. a union of strata of X•).
But this is a contradiction to b’).
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